Lecture 28 Eigenvechors and  linear “ranstormations

D_e@_ Let T:V—V be o linear transtormotion on o vector spoce V.

M) A nonzero vector VeV with T(V)=X for some helR is colled

an eigenvector of T with eigemva(ue A

(2) An eigenbasis for T is a bosis of V whose elements are all
eigeﬂvechors of T.
Note (1) TF T s represevﬁre& ‘og o wmotrix A, the eigenvectors ond

eigeﬂva\ues O\C T are 3ive\n bg the eigenvedors and eige\nvalues

of A.
(2) We can use any basis of \V to find the eigenvectors and
eigenvalues of T
Thw Let TR =R be o linear transformation. Given o bosis ®
of IR, the standord wotrix A and the B-wmotrix Ag have the

same characteristic polynomial
pf Take B to be the motrix whose columns are given by ®.
= A=BAgB
= P\ = det (A-AT) = det (BAgB —AT) = det (BAGB —1B1B)
= det (B(Ag—AI)B') = detfB) det (Ag—MT) detB™)
= PaglM

% det(B) det(B") = det(BR') = det (T) = |



Ex  Consider the linear “transtormotion T: 1% — P, given by
Tlpeh) = (t+1) peby+pet) .
) Find all eigenvalues of T.
Sol The stondord wotrix has columns [T, [T, [T
P)=1:pP)=0 = TU)=(t+1)-0+1=1
P =t:pt)=1 = T =(t+1) 1+t=1+2t

Pt =1": =2t = () =(t+1) 2t +t7 =2t +3¢*
Hence the stondord  wmatrix is

A—LégJ

A s Jrrimngu\ar = A hos ejaeﬂvakues A=1,2,3 (diagom\ entries |

wih O

= T has eigenvalues A=1,2, 3

(2) For each eigenvolue of A, find its algebraic multiplicity ond
geometric multiplicity .
Sol Each eigenvalue appears once on the diagonal.
= Each eigenvalue has algebraic multiplicity |
= Each eigenvalue hos geometric multiplicity |

Hence the algebraic mulfiplicity ond the geometiric mulfiplicity are

)\ooﬂ\ | for each eigemva\k@




(3) If possible, find an eigenbasis for T
Sol A is diagonalizoble
= There exists on eigenbosis for

A
O 1 O M o
A-I=|0 | 2|= RREF(A-T)=| 00D
O 0 2 (ONNO)

0O0O0

-l O] (D
A-21=|0 0 2| = RREF(A-2D)=| 0
O 0 | o

oo
@) @)
099,

1 A2 = 1 = Xa |
(A—nm:ﬁzﬂx . Déix sz—fH

XBZD X3:D

X,=t O
21 0 (D o -l
A-3T=|0 -1 2 |= RREF(A-3T)=l 0D =2
O 0O ODDO
T 3= = A3 !
(A—am:ﬁ;\ix $=0 ﬁ 0= =>7’=J{2}
Xa—2X3=0 Xa=2Xs Xj:t |

Hence an eigen‘oasis for A s given by

Befif

= An eigenbosis for T s given by

P =1, peb = 1+t peb) = [+2t 4t




Eﬁ Consider the linear transtormotion T : IR*— IR* which mMmaps

[

respectively to V+W and —V+3W.
M Find all eigenvalues of T
Sol Toake ® to be the basis of R given by ¥V and W.

The ®-wotrix of T is

B
i)
= PN =N =(143) A+ (13=(-)1) = X —4h +4=(A-2)*

= Ag hos a unique eigenvalue A=2

= T hos a un'laoue eigenvolue

() For eoch eigenvalue N of A, find a basis of the A—eigenspoce

Sol For A=2, we consider Nul(Ag—21).
|
A=2I= [', ,} =) RREF(Ag-21) = {%) (')}
_ o= o= vy S o - | TI| 2-eigenspace in
(Ag=2D)X =0 = X+t %=0= X szT—ch f[& o e

The 2-eigenspace hos o bosis given by

v L




